Numerical approximations to the solution of a linear singularly perturbed parabolic problem are generated using a backward Euler method in time and an upwinded finite difference operator in space on a piecewise-uniform Shishkin mesh for a convectiondiffusion problem. A proof is given to show first order convergence of these numerical approximations in appropriately weighted C 1 -norm. Numerical results are given to support the theoretical error bounds. The analysis is also applied to singularly perturbed problems of reaction-diffusion type.
Introduction
The solutions of singularly perturbed problems typically contain steep gradiants in narrow regions of the domain, often referred to as layer regions. Layer adapted meshes, such as piecewise-uniform Shishkin meshes [6] or Bakhvalov meshes [4] , have been designed to concentrate a significant proportion of the mesh points into these layer regions and thereby generate pointwise globally accurate piecewise-polynomial approximations to the continuous solution, irrespective of the size of the singular perturbation parameter. An additional feature of these layer-adapted meshes is that accurate approximations to the first derivative of the solution can be easily generated. For ease of reference, we shall refer to this additional feature of layer-adapted meshes as flux-capturing. In this paper, we present a proof of this flux-capturing property of Shishkin meshes in the case of a singularly perturbed parabolic problem.
When estimating the error in a numerical approximation, relative errors are more relevant than absolute errors. In many cases, the continuous solution is initially normalized to have a maximum value of O(1) and then a pointwise bound in the maximum norm on the absolute error is equivalent to a bound on the relative error, measured in the maximum norm. In the context of singularly perturbed problems, these comments are pertinent, as there are different scales involved in the problem. In particular, the magnitude of the derivative can vary significantly within the layer regions as compared to its behaviour outside the layer regions. For this reason, the appropriate norm to measure the error in approximating the flux needs to be examined closely.
Given that the singularities appearing in the solution of singularly perturbed problems are pointwise singularities, it is natural [6] to employ pointwise norms to measure accuracy. Below we will discuss the following discrete versions of C 0 , C 1 and weighted-C 1 norms, defined over a finite set of mesh points R N := {x i } N 0 , by u R N := max
where D − u is the discrete derivative defined by
However, the value of a nodal error estimate depends on the choice of mesh points. Global accuracy over the entire domain is a more neutral measure. Hence, we will consider the merits of various weighted-C 1 norms defined over a measurable region R as follows u 1,w,R := wu x R + u R , u R := ess sup x∈R |u(x)|.
For a singularly perturbed boundary value problem of the form εu + au = f, x ∈ Ω := (0, 1); u(0) = A, u(1) = B; a(x) ≥ α > 0; (1) it was established in [5, 6] that for a numerical solution U N generated using a standard upwind finite difference operator and an appropriate piecewise-uniform Shishkin mesh, one has a global error bound of the form
whereŪ denotes a piecewise linear interpolant over the domainΩ of the discrete solution U N . Throughout this paper, C denotes a generic constant that is independent of the singular perturbation parameter ε and of all discretization parameters. That is, the bound in (2) states that the numerical method is parameter-uniform [6] in the ε-weighted norm · 1,ε,Ω . Gartland [8] measured the errors from an exponentially-fitted compact finite difference operator on a locally quasi-uniform exponentially graded mesh in a discrete version of this ε-weighted norm · 1,ε,Ω . However, the number of mesh points required in the Gartland mesh depends (albeit logarithmically) on 1/ε. Moreover, in the context of parameter-uniform numerical methods [6] , exponentially-fitted finite difference schemes (which are designed to be nodally exact in the case of constant coefficients) are limited to certain classes of singularly perturbed problems. Andreev [1] presented sharp bounds on the continuous solution measured in · 1,ε,Ω and the discrete solution of a monotone three point difference scheme on arbitrary non-uniform grids in a discrete version of the norm · 1,ε,Ω [2] . These results can be used to derive parameter-uniform global error bounds in · 1,ε,Ω in the case of problem (1) .
Note that the error in the estimate of the derivative term in (2) has been normalized by the factor ε, as ε u Ω = O(1). However, the derivatives of the solution only require scaling within the layer. For example, in the case of problem (1), we note that |u (x)| ≤ C, x ≥ Cε ln(1/ε).
Hence the scaling by the factor ε in the error bound (2) is not appropriate, if this error bound is restricted to points outside the layer region [0, Cε ln(1/ε)].
In [14] (where DU denotes a discrete derivative of U ) for Shishkin and (corresponding bounds) for Bakhvalov meshes. The bound outside the computational layer region [0, Cε ln N ] is now an unweighted C 1 error bound. In the context of singularly perturbed elliptic problems in two dimensions, we note that Kopteva [13] used a second order asymptotic expansion to establish first order nodal convergence (appropriately scaled in the fine mesh areas) of the discrete first order partial derivatives, under the restriction ε ≤ CN −1 . In passing, we observe that the bounds establised below (for a parabolic problem) cover both cases of ε ≤ CN −1 and ε ≥ CN −1 .
In the context of nodal accuracy on a certain mesh Ω N , the following discrete weighted norm
appears to be a reasonable discrete norm to use to measure accuracy in the approximating solutions of singularly perturbed problems. However, observe that in the classical case of N −1 ≤ ε, the scaling factor of ε for mesh points within the region (ε ln(1/ε), ε ln N ) is not appropriate. It is also worth remarking that, in the case of singularly perturbed ordinary differential equations, if a scheme is nodally second order (ignoring logarithmic factors) in · Ω N on a Shishkin mesh, then it is nodally first order in the ε-weighted C 1 -norm · 1,ε,Ω N . In particular, Andreev and Savin [3] analysed a modification of Samarskii's monotone finite difference operator on a piecewise-uniform mesh to establish an error bound in · Ω N of the form C(N −1 ln N ) 2 and thereby one has an error bound of the form CN −1 ln N in the discrete norm · 1,ε,Ω N for the scheme presented in [3] .
In this paper, we confine our attention to a simple finite difference scheme on a standard piecewise-uniform Shishkin mesh as it applies to a singularly perturbed partial differential equation defined over a region G := Ω×(0, T ], which is a time-dependent version of problem (1) . More sophisticated finite difference operators on various layer-adapted meshes, which are second order in space and first order in time, exist in the literature. However, in contrast to the case of an ordinary differential equation, one cannot directly deduce a first order error bound in the discrete norm
from such nodal error bounds. Kopteva [12] analysed a non-monotone finite difference scheme on a Shishkin mesh, which is second order in both space and time; thereby, this scheme is first order in the discrete norm · 1,ε,G N (assuming M = CN ). In this paper, we choose to establish convergence in a global norm (specified below) for a monotone finite difference scheme, which is only first order in both space and time.
In the case of singularly perturbed parabolic problems, Shishkin [18] introduced a sophisticated global metric, which is designed to measure the pointwise relative error in estimating the first derivative both within and outside the layer region. In the case of the time dependent version of problem (1), this new weighted metric is, in essence, of the form
In [18] , Shishkin shows that the error bound (2) applies in the case of upwinding on a piecewise-uniform mesh, but the same numerical scheme is not ε-uniformly convergent in this new metric. Conditions can be imposed on the parameters in a generalized piecewiseuniform Shishkin mesh (see [18, §6] for details) so that the numerical approximations converge almost ε-uniformly in this metric · 1,s,G . To be precise, at a rate of O(ε −ν N −1 ), where ν > 0 is arbitrarily small. We refer the reader to [18] for further details. Shishkin extended these ideas on suitable metrics to the case of singularly perturbed elliptic partial differential equations in [17] .
In this paper, we choose the simpler (but cruder) global metric of simply scaling the first derivative by the constant ε within the layer and using no scaling factor outside the layer. Hence, instead of · 1,s,G we will measure the errors in the following weighted C 1 -norm:
where p = 0 or p = 1 depending on the location of the boundary layer. In this paper, we examine a problem with the boundary layer located on the right (where p = 1). Note that the weighting function χ(x) is excessive in the region where Cε << α|x − p| ≤ 2ε ln(1/ε). In §2 the continuous problem is stated and parameter-explicit bounds on the derivatives of the solution are established by decomposing the solution into a regular and singular components. In §3, the numerical method is described and appropriate bounds on the nodal errors are given. These estimates are used in §4 and §5 to establish scaled nodal approximations of the space and time derivatives, respectively. The main result of the paper, which establishes an error estimate in the norm · 1,χ,G , is given in §6. Some numerical results are given in the final section of the paper. In the appendix, the corresponding weighted-C 1 bounds on the numerical approximations of the reaction-diffusion problem are derived.
Continuous problem
Consider the following class of singularly perturbed parabolic problems
where Ω :
Since the problem is linear, there is no loss in generality in assuming zero boundary/initial conditions. The constraint (4c) on the coefficient b(x, t) can be transferred to the time variable by using the change of variable u = ve γt , where γ > 0 is sufficiaently large. We assume that the data of the problem satisfy regularity and compatibility conditions so that the solution of problem (4) is such that u ∈ C 6+γ (G) 1 and for the analysis (see [7] and [15] ) presented below to be applicable. It is well-known that the differential operator associated with (4) satisfies a comparison principle. From this, one can establish the stability estimate
Motivated by the bounds given in [10] and [18] we present the following bounds on the derivatives of the regular and singular components of u. For the sake of completeness, we outline a proof of these bounds here.
Theorem 1. The solution of (4) can be written in the form u = v + w, where the regular
and v = v * can be specified on the boundary Γ R so that
The singular component w satisfies the homogeneous differential equation
and for all points (x, t) ∈ G its derivatives satisfy the pointwise bounds
1 The space C n+γ (D) is the set of all functions, whose derivatives of order n are Hölder continuous of degree γ > 0. That is,
Proof. Using the stretched variables ζ := (1 − x)/ε, η := t/ε and the a priori bounds [15, pg. 320, Theorem 5.2], one deduces the bounds
Consider the extended domain G * := {(0, A) × (0, B); A > 1, B > T }, with associated extended boundaries Γ * L , Γ * B and a * , b * , f * are smooth extensions of a, b, f to the extended domain G * . The first order reduced operator L * 0 is defined by
The regular component v is composed of the reduced solution v 0 , higher order terms v 1 , v 2 in an asymptotic expansion and a remainder term R, given by
The bounds on the derivatives of v * (and hence v) are then easily deduced. The singular component w can be decomposed as follows
where, for each value of t, the unit boundary layer function Ψ satisfies
Note that
Using the strict inequality a > α and (
For the remainder term, R(x, t) = 0, (x, t) ∈ Γ and for all (x, t) ∈ G
Using the stretched variables and the localized bounds on the derivatives [15, pg. 352, (10.5) ] one can deduce the bounds
Hence,
We improve the above bounds on the time derivatives by noting that for m = 1, 2, 3
which implies that
From the equation (L ε w) tt = 0 we have that, for all t ≥ 0,
For each time t, we use this boundary value problem for w tt to deduce (use argument from [6, pp 46-47] with
Collecting all these bounds together completes the proof.
Remark 1. The proof of the bounds in Theorem 1 simplifies significantly in the special case of a(x) being independent of time. In fact, in this particular case, all the time derivatives of the solution u of (4) are ε-uniformly bounded.
Numerical scheme
Consider a uniform mesh in timeω M = {kτ, 0 ≤ k ≤ M, τ = T /M } and a piecewiseuniform Shishkin meshΩ N [6] in space on which numerical approximations of the solution of problem (4) are generated. The subintervals [0, 1 − σ], and [1 − σ, 1] are each uniformly subdivided into N/2 mesh intervals, where the transition parameter σ is defined by
Then, the grid in the space variableΩ N = {x i } is given by
where the step sizes are h := 2σ/N and H := 2(1 − σ)/N . We denote the local step sizes by h j := x j − x j−1 for j = 1, . . . , N , and we define the following sets of mesh points
We combine this mesh with a simple fully implicit finite difference operator, which uses the classical upwind approximation for the space derivatives, to produce the finite difference method:
where U i,j := U (x i , t j ) and
Throughout the analysis in this paper we assume that
The classical case of σ = 0.5 is dealt with in Remark 2 at the end of §6.
It is well-known that the finite difference operator associated with problem (9) satisfies a discrete comparison principle. To obtain appropriate bounds of the error in the maximum norm, consider the following decomposition of the numerical solution U = V + W, where the discrete regular V and singular W components satisfy the problems
In the next theorem we establish bounds on the error associated with the regular and singular components, which are used later in the error analysis in the weighted
Theorem 2. Assume (10). For all t j ≥ 0, we have the following bounds
where v, w are the solutions of problems (5a),(6a) and V, W are defined in (11) .
Proof. For the regular component we deduce the truncation error bound
By the discrete maximum principle one then has the nodal error bound
For the singular component, we distinguish two cases depending on the location of the grid point. First, outside the layer, we have that [6] 
, then the truncation error satisfies
within the layer region, we obtain the truncation error bound
Use the discrete barrier function
and |(w − W )(1 − σ, t j )| ≤ CN −2 to complete the proof.
Nodal approximation of space derivatives
Consistency and stability is a classical argument in numerical analysis, which is typically employed to deduce a nodal error bound. To bound the quantity D − x (U − u) at the mesh points, we use an argument of this type, by employing a bound on a quantity of the form
, where the finite difference operatorL N,M is monotone and is defined below in (13) .
We denote the nodal error by e(x i , t j ) := U (x i , t j ) − u(x i , t j ), and the associated truncation error by T (x i , t j ) := L N,M e(x i , t j ). We define the discrete error flux to be
The main purpose of this section is to deduce suitable bounds on U − .
We identify a discrete problem associated with the error flux defined over the region
We define a new finite difference operatorδ 2
which has the property thatδ
Using these identities and
, we see that for all mesh points within the regionḠ
where for the internal points (
When bounding the term D − x T (x i , t j ) we will make use of the following truncation error bounds
and if
From the assumption that β > a x G , the discrete operatorL N,M satisfies a discrete comparison principle. Now we deduce bounds on the regular V − := D − x (V − v) and the singular W − := D − x (W − w) components of the discrete error flux U − . We begin with the singular component. For the mesh points along the right hand boundary x = 1, we will need an appropriate bound on the outgoing error flux |D − x (W − w)|. We achieve this by sharping the nodal error bound given in Theorem 2, within the layer region, to reflect the fact that (W −w)(1, t j ) = 0. Lemma 1. For the solutions w, W of the problems (6a) and (11b), and for sufficiently large N , ε|D
Proof. For each t j ≥ 0, consider the discrete function ψ(x i , t j ) as the solution of the discrete problem
Note that the mesh is uniform in the layer region (1 − σ, 1) × (0, T ]. Define the discrete flux to be F
Hence, for sufficiently large N ,
Here we have used the inequality
and N is sufficiently large. Note also that for
where we have used the identity (12) and
Using a discrete comparison principle, we deduce that
Now we define a barrier function to deduce appropriate bounds for W − N,j . First, we note that, at each time level t j , the grid function x i −1+σψ(x i , t j ) is the solution of the following problem
So, by the discrete maximum principle
. Define the following discrete barrier function
where L N,M (W − w) is the truncation error associated with the singular component. Recall that in the boundary layer region
For x i ∈ (1 − σ, 1) we then have that
Therefore,
which is the required result.
Theorem 3. Assume (10). Then, for all t j ≥ 0,
where W is the solution of (11b) and w is the solution of (6a).
Proof. Note that outside the layer region, Theorem 2 implies that
Hence, ε|W
In the layer region (1 − σ + 2h, 1) × (0, T ) we will obtain the bounds by using (13). Initially, W − i,0 = 0, x i ∈ (1 − σ, 1) and we established the required bound on the right boundary in (15) . For x i ∈ (1 − σ + 2h, 1), t j > 0 and G j i := (x i−1 , x i ) × (t j−1 , t j ), using (14) we get that
Use the discrete barrier function (and the strict inequality a(x, t) > α)
with the stability properties ofL N,M to complete the proof.
Consider now the contribution of the regular component to the discrete error flux.
Lemma 2. Assume (10). For v, V , the respective solutions of (5a),(11a), we have that
Proof. It is a piecewise-uniform version of the proof of Lemma 1 for the singular component. Consider the discrete functionψ(x i , t j ) as the solution of the discrete problem
Use the barrier function
Theorem 4. Assume (10) . Then, for all t j ≥ 0,
where V is the solution of (11a) and v is the solution of (5a).
Proof. We again apply a stability and consistency argument, but now across the domain G
N,M H
to deduce suitable bounds on V − . At the interior points, using the bounds (14), we get that
Using a suitable barrier function we can establish that
Summarising, we have established that
We deduce appropriate bounds for V − i,j using a suitable barrier function. Define the following two mesh functions:
Observe thatL
Define the piecewise linear barrier function
Then, the discrete maximum principle establishes the bound
By using a sharper barrier function, we will next remove the scaling factor ε outside the layer. Define the local mesh Peclet numbers as follows:
and the following two mesh functions;
When we take θ = 0.5, we have the following:
Hence, using 2ε ln N ≤ 1 and N sufficiently large,
Form the barrier function
Then we have established that |V
. This bound is of little value in the area [1 − σ, 1] (as B 4 (x i ) ≤ C(1 + N −1 ε −1 ) in this area). However, in the coarse mesh region
Using the bounds obtained for the regular and singular components, we obtain the following result.
Theorem 5. Assume (10) . Then, for all t j ≥ 0,
where U is the solution generated by the numerical method (9) and u is the solution of the continuous problem (4).
Nodal approximation of time derivatives
We follow the approach outlined in [9, Appendix A.2] and [11, §8.2] to deduce nodal approximations of the time derivatives. We note that the proof in [11] was given only for the case of constant a.
Lemma 3. Assume (10). The following bounds hold, for all t j > 0
where v, w are the solutions of problems (5a),(6a) and V, W are defined in (11).
Proof. Using the bounds on the components v, w, of the solution u of problem (4) we deduce that for all (
Note that along the side boundaries
and from the error bound in Theorem 2 we deduce that,
At the interior points (x i , t j ) ∈ G N,M ∩ {t j ≥ 2τ }, we will first estimate
We wish to reverse the order of the operators L N,M and D − t . To this end, we again use the identity (12) to obtain
Consider the following mesh function
Use the following barrier function
to deduce that
Now we consider the singular component. Outside the layer region, we use the bound
to deduce that, for all t j ≥ τ ,
It now remains to bound D − t (W − w) within the layer region. We repeat the argument from above to deduce the truncation error estimate
At the first time level t j = τ , using the bounds in Theorem 2 we deduce that
and at the right boundary, D − t (W − w)(1, t j ) = 0. Use the discrete barrier function
to complete the proof.
Motivated by the bounds in [14, Corollary 3] we can sharpen the bound given in Theorem 5 for points within the layer region, in the special case where N −2 ≤ ε.
Theorem 6. Assume (10) 
where U and u are the respective solutions of (9) and (4). 
Thus, with ρ := αh ε , we have
Thus, we have the following estimate at x i (within the fine mesh)
.
For N sufficiently large, we note that for θ > 1
Hence, for
6 Global accuracy in weighted C 1 -norm
In this section, we examine the global accuracy (in the weighted C 1 -norm · 1,χ,G ) of the bilinear interpolantŪ
where φ i (x), ψ j (t) are piecewise linear basis functions in space and time, defined by the nodal values of φ i (x k ) = δ i,k = ψ i (t k ). Note the following bound on the bilinear interpolant g of a function g (see e.g. [19, Lemma 4.1] ) in the rectangular cell R ij := (
Theorem 7. Assume (10). Then,
where U is the solution generated by the numerical method (9) 
Hence, the following global error estimate follows:
Using the bounds in Lemma 3 for the discrete time derivatives; the bounds in Theorem 5 when ε ≤ N −2 and the bound in Theorem 6 when ε ≥ N −2 for the discrete space derivatives, we have that
We are left to estimate the interpolation error u −ū 1,χ,G . For x ∈ (x i−1 , x i ], we have
Therefore, in the rectangular cell R ij , we obtain
We employ the decomposition u = v + w. For the regular component it trivially follows
For the layer component, we split the argument to inside and outside the layer region 
In the second case, where ε ≥ N −2 , then we distinguish two subcases: If ε ≥ N −1 , then
On the other hand, if
Combining all these bounds, we deduce that
In the rectangular cell R ij ,
By again using the decomposition u = v +w and spliting the argument to inside and outside the layer region [1 − 2 ε α ln
Remark 3. In the classical case of σ = 0.5 we have that ε −1 ≤ ln N . Using this inequality, we can easily extend the bound (24) in Theorem 7 to the case of σ = 0.5. From Theorem 1,
We have the following nodal error estimate,
where the functionψ is defined in Lemma 2. Then, using the arguments in Lemma 2, one deduces that |D
Looking at the proof of Theorem 4, we note that
Thus, in the case of σ = 0.5,
Numerical experiments
In this section we consider the following variable coefficient problem
whose solution is not explicitly known. In Figure 1 we display the computed solution generated by the numerical scheme (9) on the Shishkin meshḠ N,M for ε = 2 −20 and N = M = 64. In this figure a boundary layer is observed near the edge x = 1. To estimate the errors in the norm · 1,χ,G of the numerical scheme (9) for any fixed value of the singular perturbation parameter ε, we use a variant of the double mesh principle (see [6] ): Given a numerical approximation U N,M generated over a meshḠ N,M , we also generate the numerical solution on a fine Shishkin mesh U 2048,2048 with N, M < 2048, and compute the global two-mesh differences: The uniform global errors in the norm · 1,χ,G and their orders of convergence are estimated as follows
In Table 1 we present the computed global E N,M ε and uniform global E N,M errors for N = M = 2 j , j = 4, 5, 6, 7, 8, 9 with their corresponding orders of convergence associated with the finite difference scheme (9) on the Shishkin mesh for test problem (29). The numerical results in Table 1 indicate that the method is uniformly convergent in the weighted C 1 -norm · 1,χ,G . The computed orders of convergence in this example are slightly higher than the theoretical order of convergence established in Theorem 7, but this is a well-known effect when the errors are estimated by considering the computed solution on a fine mesh as the exact solution.
Appendix: Reaction-Diffusion problem
In this appendix, we consider the reaction-diffusion problem
Layers of width O( √ ε) occur on both sides of the domain and we have the following bounds on the solution and its components.
Theorem 8.
[16] The solution of (30) can be written in the form u = v + w L + w R , where the regular component v ∈ C 6+γ (G) satisfies
and v = v * can be specified on the boundary Γ R ∪ Γ L , so that
The singular components w L , w R satisfy the problems
and for all points (x, t) ∈ G and 0 ≤ k + 2m ≤ 6
The Shishkin mesh for the reaction-diffusion problem is fitted to the two boundary layers by splitting the space domain as follows:
The mesh points are distributed in the ratio N/4 : N/2 : N/4 across these three subintervals. The transition pointσ is taken to bê
The discrete solution of problem (9) with a(x, t) ≡ 0 on this new mesh is decomposed U = V + W L + W R in the obvious way [16] and we have the following global error estimate [16] 
We now show how the arguments in the earlier sections are applicable and simplify in the case of problem (32). We will deduce an error estimate in the following weighted C 1 -norm
Using the nodal error bound (U − u)(x i , t j ) ≤ Ct j (τ + N −1 ) one deduces that at the first time level |D
The argument from §5 simplifies and one deduces that
Arguments from §4 are now applied to establish bounds on the error in estimating u x . Using u tt (0, t) = 0, we have for some η ∈ (0, x i ),
Hence, one can deduce the nodal error bound,
From this bound, the boundary error fluxes are bounded as follows
Let us again assume thatσ
Remark 4. Note that on the piecewise uniform mesĥ
Note that |δ
|w xx (x, t j )|, and using the truncation error bounds (14) we can then deduce the bound,
Define the following four mesh functions:
Observe that they satisfŷ
to deduce the error bound of √ ε|U
Define the local mesh Peclet numbers as follows:
and consider the following two mesh functions
Let us consider the points where x i < x N/2 . At the transition pointσ,
and for the remaining points we have
These expressions allow us establish the following lower boundŝ
Hence, we can construct a majoring function for the mesh function
Noting that
we deduce the following estimates for the discrete error flux √ ε|U
Using Theorem 9 we also have
The interpolation error u −ū 1,κ,G is next to be bounded. First, we note that for t ∈ (t j − 1,
Then, in the rectangular cell R ij , it holds that
By using the decomposition and splitting the argument to inside and outside the layer region, we obtain
We employ the decomposition u = v + w L + w R . The regular component satisfies the following estimate
For the layer component w L , we split the argument to inside and outside the layer region (0, 
In the second case, where ε ≥ N −2 , then
Similar estimates are obtained for the right boundary layer component w R . Combining all these bounds completes the proof.
We finish by presenting some numerical results, using the piecewise-uniform Shishkin mesh defined by (33), for the reaction-diffusion test problem:
The computed solution is displayed in Figure 2 for ε = 2 −20 and N = M = 64. Boundary layers are visible near x = 0 and x = 1. 
